We report an alternative scheme for implementing generalized quantum measurements that does not require the usage of auxiliary system. Our method utilizes solely: (a) classical randomness and post-processing, (b) projective measurements on a relevant quantum system and (c) postselection on non-observing certain outcomes. The scheme implements arbitrary quantum measurement in dimension d with the optimal success probability 1/d. We apply our results to bound the relative power of projective and generalised measurements for unambiguous state discrimination. Finally, we test our scheme experimentally on IBM quantum processor. Interestingly, due to noise involved in the implementation of entangling gates, the quality with which our scheme implements generalized qubit measurements outperforms the standard construction using the auxiliary system. Every quantum information or quantum computing protocol contains, as a subroutine, a measurement of quantum state. Quantum theory admits measurement procedures that are more general then the commonly known projective measurements (PMs) of a quantum observable on a quantum system of interest. Indeed, the most general quantum measurements can be realized by projective measurements on a system extended by the suitable ancilla [1]. Such generalized measurements are mathematically described by Postive Operator-Valued Measures (POVMs) and play important role in many areas of quantum information science such as quantum tomography [2, 3] , state discrimination [4] [5] [6] , (multi-parameter) quantum metrology [7] or quantum computing [8] . They are also relevant in studies of foundations on quantum theory [9, 10] , nonlocality [11] [12] [13] [14] and randomness generation [15] .
Every quantum information or quantum computing protocol contains, as a subroutine, a measurement of quantum state. Quantum theory admits measurement procedures that are more general then the commonly known projective measurements (PMs) of a quantum observable on a quantum system of interest. Indeed, the most general quantum measurements can be realized by projective measurements on a system extended by the suitable ancilla [1] . Such generalized measurements are mathematically described by Postive Operator-Valued Measures (POVMs) and play important role in many areas of quantum information science such as quantum tomography [2, 3] , state discrimination [4] [5] [6] , (multi-parameter) quantum metrology [7] or quantum computing [8] . They are also relevant in studies of foundations on quantum theory [9, 10] , nonlocality [11] [12] [13] [14] and randomness generation [15] .
Projective measurements form a subset of POVMs and hence are generally less powerful for information processing. However, there are two issues that need to be addressed before one decides to implement generalized measurements in practice. The first problem is that POVMs are often difficult to realize as their implementation typically requires control and manipulation over additional degrees of freedom [16] [17] [18] (such as, for example, path in the case of quantum states encoded in photon polarisation). The second problem is that the relative power of projective and generalized measurements for quantum information processing remains poorly understood [19] , especially for Hilbert spaces of large dimension (see however [20] [21] [22] ). The main aim of this work is to provide an alternative method for implementation of generalized measurements and to advance the understanding of the relative power of POVMs and PMs.
We start by presenting a new scheme that realizes arbitrary POVM without the need to extend the Hilbert space [23] . Specifically, our method uses only (a) classical randomness and postprocessing, (b) PMs (acting only on a Hilbert space of interest) and (c) postselection on non observing certain measurement out-comes. The price that we need to pay is that in a given experimental run, the measurement is carried out with success probability 1/d. We prove that this number is optimal in a sense that there always exist measurements for which success probability cannot be higher. Our method can be regarded as the manifestation of the trade-off between time and quantum-space. In order to implement a generalized measurement an experimenter can either implement a complicated PM on a system coupled to the ancilla or implement simpler PMs and apply postselection.
In the second part we use our method to give insight into the question of relative power between projective and generalized measurements for unambiguous state discrimination (USD) [24] . Specifically, we show that in this scenario the ratio between optimal discrimination probabilities, when using POVMs and projective measurements, is at most d. Moreover, we give examples of ensembles of states for which this bound is essentially optimal.
Finally, we demonstrate our method experimentally on IBM quantum processor [25] [26] [27] . We implement generalized qubit POVMs via our scheme and via the Naimark construction [1] that uses PMs on two qubits. We compare the quality of two implementations by performing tomography of measurement operators. Interestingly, due to noise involved in implementation of entangling gates, the quality with which our scheme realizes POVMs is higher than the one obtained with the Naimark method.
Preliminaries-We start with establishing the main concepts and notation. A n-outcome POVM on d-dimensional space is a vector M = (M 1 , . . . , M n ) of non-negative operators satisfying n i=1 M i = 1, where 1 is the identity on C d . The operators (M) i := M i are called the effects of M. According to Born's rule, when a POVM M is measured on the quantum state ρ the probability of obtaining the outcome i is given by Pr(i|ρ, M) = tr (M i ρ). We denote the set of POVMs on C d with n outcomes by P (d, n). Given two POVMs M, N ∈ P (d, n), their convex combination pM + (1 − p)N is the POVM with i-th effect given by
Taking convex combinations of measurements is typically referred to as randomisation as it corresponds to realizing POVMs M and N with certain probabilities and then combining the outcomes. Extremal POVMs are the measure-ments that cannot be expressed by a convex combination of two different POVMs. PMs are POVMs whose effects are orthogonal projectors (notice that some of the outputs can have null effects and that effects are not required to be rank-one).
In [20] the class of projective simulable measurements was introduced. By definition, measurements belonging to this class can be realized by randomisation followed by classical postprocessing (see [28, 29] for a more detailed exposition of these concepts) of some protective measurements P acting on C d alone. We denote the class of projective simulable n-outcome POVMs on C d by SP(d, n). Clearly, no ancillary system or extra dimension are needed to realize projective simulable measurements. However, not all measurements can be implemented in this manner. In particular, all extremal but not projective measurements are outside SP(d, n) [20] .
Simulation with postselection-We will be interested in measurements that can be realized by projective simulable measurements together with postselection.
Definition 1 (Simulation of POVMs by postselection). Let M ∈ P(d, n) and N ∈ P(d, n ) be n-and n -outcome POVMs on C d and let n > n. We say that M can be simulated by N by postselection if for all quantum states ρ and for all i ≤ n
In other words, all the statistics of measurement of M can be interpreted as statistics of N conditioned on not observing particular outcomes.
We illustrate this concept on a simple example. with postselection. As we will see laterM tetra ∈ SP(2, 5) and hence, if we allow postselection, PMs and classical processing alone can simulate extremal measurement M tetra .
Inspired by this example, for a POVM M ∈ P(d, n) and q ∈ [0, 1], we introduce a measurement M q ∈ P(d, n + 1) via
While Definition 1 is operationally well-motivated, it is also cumbersome to work with. It turns out that Eq.(1) is equivalent to the existence of q ∈ (0, 1] such that
Clearly, Eq.(3) implies Eq.(1). To prove the reverse we note that Pr(i ≤ n|ρ, N) must be independent on ρ (see Part A of the Supplemental Material (SM) [30] for the formal proof) and as a result i≤n N i = q1, where q > 0 is a proportionality constant that can be interpreted as the success probability of implementing the measurement M via the POVM N.
We can now give a formal definition of measurement simulable by projective measurements and postselection [31] (see Fig.  1 ). Definition 2 (Quantum measurements simulable by projective measurements and postselection). We say that a POVM M ∈ P(d, n) can be simulated by projective measurements and postselection if there exists a projective simulable measurement N ∈ SP(d, n+1) such that Eq.(1) holds. Or, to put it differently, there exists q > 0 such that M q = N ∈ SP(d, n + 1). The highest number q such that the above condition holds is the maximal success probability with which M can be implemented when we are allowed to use only PMs and postselection.
Main results-Recently it was shown [20] that every quantum measurement on finite-dimensional system can be implemented by PM on this system extended by the ancilla of the same dimension. Our first result shows that, somewhat surprisingly, any generalized measurement in finite-dimensional quantum system can be implemented via PMs and postselection.
Theorem 1 (Every quantum measurement can be simulated by projective measurements and postselection). Let M ∈ P(n, d) be a quantum measurement on C d . Then M can be simulated by projective measurements and postselection with success probability q = 1/d. In other words we have M 1/d ∈ SP(d, n + 1).
Proof. We prove this result by giving a concrete algorithm that simulates any generalized measurement with success probability 1/d. Note that it suffices to give the simulation method for POVM having rank one effects. Indeed, any quantum measurement can be obtained from them via classical post-processing [28, 29] . Thus, if M 1/d ∈ SP(d, n + 1) holds for rank-one measurements, it will also hold for arbitrary measurements since, by definition, classical post-processing of projective simulable measurement is still projective simulable.
The effects of rank one measurement are of the form
and hence numbers α i /d define a probability distribution. The method for simulating a rank one measurement consists of three steps: (a) draw a label i with probability
upon obtaining the outcome "+", return i, otherwise return n + 1. Clearly, this scheme realizes a measurement from SP(d, n + 1). Moreover, explicit computation shows that it implements M 1/d .
Remark.
A related protocol appeared in [32] in the context of deriving local POVM models for certain entangled states. Also, a similar method was used in [20] to simulate a noisy version of a POVM M, with effects
The difference between these approaches and the protocol given above is the last step (iii), in which one identifies the "wrong" outcomes -this allows to simulate any POVM M with PMs exactly once we allow for postselection.
Remark. Some experimental works [33] simulate statistics of POVM M by statistics of a number of PMs whose effects are proportional to effects of M. We stress that our method is conceptually different. Namely, in a single experimental run our scheme either samples from the correct probability distribution or reports failure. Hence, our method provides a new operational interpretation of generalized quantum measurements.
What is the highest success probability for which all measurements on C d can be implemented with projective measurements and postselection? Interestingly, for any dimension d, there always exist generalized measurements that cannot be simulated with probability higher than 1/d.
Theorem 2 (Optimality of the simulation protocol). For any di-
2 ) that cannot be simulated by PMs and postselection with success probability higher than 1/d (i.e. 1/d is the maximal q for which
2 + 1)). The protocol presented above attains the success probability 1/d and in this sense can be considered as optimal.
Proof. In [34] it was shown that there exists an extremal quan-
where |ψ i ψ i | are suitably-chosen pure states [35] . In the rest of the proof, to keep the notation compact, we will identify n ≡ d 2 . Consider now a modified measurement M * q (see Eq.(2) for the definition of M q ) and assume M *
need not to be necessarily rank one). Since operators M * i are rank one and effects of measurements P α are orthogonal projectors, for i ≤ n we have P α i = λ α |ψ i ψ i | , with λ α ∈ {0, 1}. In other words, if for a given α and i ≤ n we have P α i = 0, then necessarily P α i = |ψ i ψ i |. As the operators |ψ i ψ i | do not commute with each other, for each α we must have either P α = P j , where
for some j ≤ n or P α = P n := (0, . . . 0, 1). There are therefore
Remark. Analogous arguments show that all rank one measurements M = (a 1 |ψ i ψ i |, . . . , a n |ψ n ψ n |) for which ψ i |ψ j = 0 and can be simulated with PMs and postselection with success probability at most 1/d. Therefore, the protocol given in the proof of Theorem 1 is also optimal for this broad class of measurements. Of course, some measurements can be implemented with higher probability.
Application to USD-We use our findings to limit the maximal advantage that POVMs offer over projective measurements for unambiguous discrimination of quantum states [5, 6, 24] . This task is about unambiguously discriminating between (not necessarily orthogonal) signal states {ρ i } n i=1 , each appearing with probability p i . The problem of USD is the landmark example of task for which POVMs offer advantage over projective measurements. It currently finds applications in quantum cryptography [36, 37] and is still a subject of both theoretical [38, 39] , as well as experimental studies [33, 36, 40] .
If the signal states are generated from an ensemble
and measured with a POVM M ∈ P(d, n + 1), success probability for USD is given by
where measurement effects have to satisfy the constraints tr(ρ i M j ) = 0, for i = j, which result from the unambiguity condition. Moreover, the effect M n+1 corresponds to the inconclusive result. In this Letter we focus on ensembles consisting of pure signal stares i.e. ρ i = |ψ i ψ i |. In this case unambiguous discrimination is possible if and only if vectors |ψ i are linearly independent. Given an ensemble E, we define p POVM USD (E) and p SP USD (E) as the optimal success probabilities of unambiguously discriminating states from E via generalized and projective simulable measurements (acting on n = d dimensional space spanned by vectors |ψ i ) respectively. The following result limits the maximal advantage that POVMs can offer over PMs for USD.
Lemma 1. For all ensembles of linearly independent pure states
We can use the protocol from the proof of Theorem 1 to construct the measurement M * q ∈ SP(d, d + 2). By gluing outcomes d + 1 and d + 2 we get a projective simulable measurement attaining success probability
We now show that the above bound is essentially tight in the limit of large d by giving examples of ensembles E for which p
We first state an auxiliary result that limits the power of projective measurements for USD. 
In [41] it was shown that p
The following example shows that the inequality p
Hence, for generic ensembles E ran the inequality from Lemma 1 is asymptotically saturated in the limit d/D → γ (up to the possible correction (1 − γ) 2 ).
The above considerations give a fairly complete understanding of relative power of projective and generalized measurements for USD in large dimensions. To our best knowledge, the only other quantum task for which this kind of analysis was carried out is quantum filtering [43] . The problem of USD of random states have not been studied previously. So far the research efforts focused on minimal error discrimination [44, 45] or on distinguishing between states that were altered by application of the infinitisimal unitary transformation [46] .
Illustration on IBM Quantum Processor-IBM Q Experience is an online platform that allows to remotely perform experiments on IBM's quantum processors [25] [26] [27] . The devices themselves consist of superconducting transmon qubits [47] , which are manipulated via coupling to the external microwave field which, in principle, offers a full control over the qubits in a given processor. We have used access to the 5-qubit quantum device to implement POVM's on one qubit via our scheme and via Naimark's construction [1]. Naimark's method required implementation of single two-qubit quantum circuit, while the scheme using PMs and postselection required three or four (depending on the number of outcomes) one-qubit quantum circuits. We present the details of the experimental procedures, as well as interpretation and processing of obtained data in Part B of SM [30] .
We have implemented both schemes for three different POVMs: 4-outcome tetrahedral [2], 3-outcome trine [48] , and a randomly generated 4-outcome measurement. To compare the quality of both implementations we have performed quantum measurement tomography (QMT) [49] . As a figure of merit we used the operational distance betweend POVMs, N) − 1, where p dist (M, N) is the optimal probability of destinguishing between measurements M and N without using entanglement [50, 51] . The results of experiments are given in Table I .
It is clear that our scheme performs better than the Naimark's construction. We would like to stress that this is the case despite rejecting half of the data (this results from postselection used in our method). A likely explanation of these results is the much greater amount of noise occurring in the implementation of two-qubit unitaries required for Naimark's construction compared to local unitaries needed for our scheme. Of course, if some different experimental setup allows to reliably implement unitary operations on the extended system, then our method will not be beneficial. However, we expect that for the inherently noisy near-term quantum devices [52] , our scheme might prove advantageous over the standard techniques requiring the usage of auxiliary systems. Discussion-We finish with giving possible directions of further study. First, it would be interesting to explore if the techniques presented here can be used to show that Bell nonlocality with respect to PMs is equivalent to Bell nonlocality with respect to POVMs [11, 12] , despite the fact that postselection performed in Bell scenario can be used to violate Bell inequalities by local models [53] . Second, it is intriguing to connect probability of success with entanglement cost of generalized measurements [48] . Last but not least, it is natural to explore the role of postselection for measurements in theories that go beyond quantum mechanics (a recent work [54] studied classical randomization and post-processing exactly in this context). 
Supplemental Material
In what follows we present the technical details that complement the main manuscript. In Part A we give proofs of a number of results that appeared without rigorous justification in the main text. In Part B we give details of experiments conducted in the IBM Q cloud quantum device.
PART A
Proof of equivalence of two definitions of simulation by postselection
Let M ∈ P(d, n) and N ∈ P(d, n ) be POVMs on if C d such that for all quantum states ρ and for all i ≤ n
We claim now that if (8) holds then Pr(i ≤ n|ρ, N) does not depend on ρ (this result was missing in the proof of equivalence of Eq.
(1) and Eq.(3) from the main text. To see this we consider a state ρ = ασ + (1 − α)τ , for some 0 ≤ α ≤ 1. By the linearity of Born rule we obtain
The above, by definition is a linear function of α, and it is possible if and only if Pr(i ≤ n|σ, N) = Pr(i ≤ n|τ, N). Since states σ and τ were chosen arbitrarily we conclude that P r(i ≤ n|ρ, N) does not depend on ρ.
Proof of Lemma 2
We consider an ensemble E = {p i , |ψ i ψ i |} n i=1 of quantum states in C d . We assume, that vectors |ψ i are linearly independent and ψ i |ψ j = 0 for i = j. Consider a projective measurement P = (P 1 , . . . , P n+1 ) on a subspace spanned by vectors
). We require P to satisfy unambiguity condition i.e. for j = i we have P i |ψ j = 0. We will show that projective measurements satisfying above constraints are of the form
for some j ≤ n and a pure state |φ i satisfying ψ j |φ i = 0 for i = j. Assume that projector P i is non zero, then the unambiguity can be written in terms of orthogonality with appropriate subspace
In the above Lin({|ψ } n j=1,j =i ) denotes a linear subspace spanned by vectors {|ψ } n j=1,j =i . By the definition we have
Thus we have obtained, that supp(P i ) is one-dimensional subspace and therefore P i = |φ i φ i |. We will write vector |ψ i in terms of vector |φ i and |ψ k , for some k = i i.e.
where |r ∈ Lin(({|ψ } n j=1,j =i,k ) and ψ i |r = ψ k |r = 0. Moreover |a| 2 + |β| 2 + |γ| 2 = 1 and β = 0. Next we will show, that projector P k must be zero. The USD property gives us
From our assumption the terms P k |φ i and P k |r are equal to 0. Thus we conclude that P k |φ k must be 0. Therefore P 2 = 0. Having shown Eq. (10) we see that all projective-simulable measurements that satisfy unambiguity condition are of the form
is a probablility distribution. Therefore the success probability for such measurements can be bounded as follows
Details regarding Example 3
In the main text we did not prove the technical claims given in Example 3. Here we present a justification of Eq. (7). By the seminal results of Eldar [60] we know that for any uniform ensemble of quantum states |ψ i there exists so-called "equal probability measurement" M eq (this measurement M eq can be regarded as the analogue of the "pretty-good measurement" [5] [61] used, e.g, in the context of minimal-error state discrimination . The measurement M eq attains the success probability
where λ min (C) is the minimal eigenvalue of the d × d correlation matrix C ij = ψ i |ψ j . Therefore, for the problem at hand we get the lower bound p POVM USD (E ran ) ≥ λ min (C ran ) with C ran being the correlation matrix of Haar-random unit vectors |ϕ i form C D . The minimal eigenvalue of C ran has been studied in the mathematical literature [62] and for typical ensembles E ran in the limit:
2 . In order to bound the success probability p SP USD (E ran ) we note that generic Haar random vectors
are linearly independent but not orthogonal and therefore, by the virtue of Lemma 2, we have p
we finally obtain
PART B
Practical implementation on IBM quantum devices
In this appendix we provide a detailed description of how we implemented POVMs on IBM quantum devices. The devices themselves consist of superconducting transmon qubits [47] , which are controlled via coupling to the external microwave field. This interaction allows to implement arbitrary one-qubit unitary and a two-qubit CNOT gate (via cross-resonance effect [63] ). Combining those gates with projective measurements in computational basis allowed on IBM quantum devices, one is able to construct arbitrary two-qubit quantum circuit [64] .
a. Naimark's construction Naimark's construction is a well-known method for implementing generalized measurements [1] . It requires extension of a system of interest by an ancilla system. When we get an extended space, we construct a unitary on this space, which implements desired POVM on our system. We construct this unitary from the gates available on IBM quantum device. Since the chips are capable of implementing H, T (" π 8 ") and CNOT gates, it is possible to construct arbitrary two-qubit unitary [64] . More concretly, we decompose any two qubit unitary into local unitaries and CNOTs [65] . The last element of every quantum circuit is, naturally, a measurement. The prototocl terminates with measurement in the computational basis which is possible to implement directly [47] .
In the main text, we have presented results for qubit measurements with three and four outcomes. Therefore, to implement them via Naimark's construction, we needed 3-and 4-dimensional unitaries, respectively. However, experimental setup consist only of qubits, thus to implement 3-dimensional operation we need to embed it in the 4-dimensional space. In practice, this means constructing a 4-dimensional unitary via direct sum of 3-dimensional unitary and a number 1.
b. Our scheme As described in the main text, for a measurement of the form M = (α 1 |ψ i ψ i |, . . . , α n |ψ n ψ n |), our scheme requires implementation of each of the projective measurement P i := (|ψ i ψ i |, 1 − |ψ i ψ i |) with probability equal to αi 2 (in the case of qubits). In principle, it is possible to just classically randomize choice of the projective measurement according to such probability distribution. Unfortunately, on IBM quantum devices it would be practically infeasible to implement such projective measurements once at the time, due to the fact that there is a time-limiting queue of jobs requested by users, and such randomization would require a thousands of job requests. In order to overcome this obstacle, we have decided to simulate randomization by gaining statistics for every P i from number of experimental runs proportional to α i . Since maximal number of experiments performed in one commissioned job in IBM Q Experience is 8192, we have set number of experiments implementing projective measurement corresponding to eigenvalue α i as
where i ∈ {1, 2, . . . , n}. In other words, we have set the maximum probability to correspond to maximum number of experimental runs possible in IBM Q Experience. Then, we commissioned experiments for other projective measurements with number of runs equal to or lower than the maximal one, in accordance to the values of α i 's. Final step was to normalise all experimental counts to probabilities, simply by dividing all statistics by the number of runs for all projective measurements. It's worth adding that in the case of tetrahedral and trine POVMs, which are symmetric, all α i 's were the same, hence probability distribution was uniform for them. For QMT, obtained statistics were additionally normalised only to the non-rejected outcomes, i.e. the n + 1 outcomes were excluded.
Quantum Measurement Tomography
In order to reconstruct measurement done on the quantum system, one needs to perform a detector tomography. In this section we describe a simple method we chose to do so for implemented measurements. Every two-dimensional effect M i can be written in the form of re-scaled Bloch vector
where α i ∈ (0, 1] and | n| ≤ 1. To obtain value of α i and three components of real vector n i , we used a Born's rule
(1 + n i σ) ρ and a freedom in choosing initial state ρ. We performed four experiments for four different quantum states, which we chose to be eigenstates of Pauli matrices. Two of them were both eigenstates of σ z , while two other were eigenstates of σ x and σ y corresponding to positive eigenvalues. Elementary calculations show that to obtain α i one can add up statistics obtained for both eigenstates of σ z . Having this value calculated, in order to obtain components of Bloch vector, one has to simply transform Born's rule equation and use statistics obtained for eigenstates of all Pauli matrices corresponding to positive eigenvalues. By repeating the above procedure for all effects of POVM M, one can reconstruct the whole measurement. In general, this method may result in reconstructing unphysical, non-positive operators. At the beginning of our work with IBM Q devices, we have been surprised that such thing has never occur, nor in Naimark's case, nor in our scheme method. We note thtat in principle, in order to avoid reconstruction of unphysical operators, one needs to implement optimization algorithms, such as in [? ] . The systematic positivity of obtained operators probably results from the nature of noise in IBM Q devices.
The analysis of errors occuring during the measurements in IBM devices lies outside the scope of this work and will be the subject of the future work [66] . However, already at this point we describe a few subtle issues we encountered while dealing with readout errors. We have noticed, that a systematic error occurs in IBM Q devices, namely there exists a constant bias towards obtaining the '0' result for any kind of qubit circuit. Natural explanation of such an error might be a decoherence occuring during a readout. For our scheme of implementation, we firstly identified a '0' as a non-postselected result and a '1' as a postselected one. Due to the bias error, it resulted in all cases in postselection on average on more than 1/2 results. To fight this bias, we have doubled a number of implemented circuits, and for half of them we simply applied an x gate and relabeled the outcomes. The data obtained from circuits with additional x gate resulted in postselection on average on less than 1/2 of the results. Finally, averaged data from standard circuits and circuits with x gate resulted in postselection on average on around 1/2 data and always in reconstruction of positive operators.
The analogous method was used in the Naimark implementation, where there are 4 possible x gates configurations -i) no x gates, ii) x gate only on first qubit, iii) x gate only on second qubit, iv) x gates on both qubits. This procedure also led to reconstruction in which all effects were positive operators.
In practice, to compare Naimark's construction with our scheme, we needed equal numbers of experiments to calculate probabilities p i . As described earlier, maximum number of experiments in a single job request on IBM Q experience is 8192, while chosen method of randomization required N > 8192 runs, which exact value was dependant on eigenvalues of effects. To compare measurements implemented by both methods, for Naimark's construction we have performed around (up to divisibility of N by 3 or 4) N experiments. After gaining statistics we calculated the operational distance [51] between measurements given by
where maximization is over all non-trivial combinations of indices enumerating effects. It's quite interesting to note that for 3-outcome measurements, when theoretically there should be only 3 possible outcomes, in experimental realisation via Naimark's construction there were always some additional clicks on the 4th outcome. In QMT this resulted in the appearance of the 4th "residual" effect, which was, naturally, taken into account for computation of D op (M, M exp ).
Generalised measurements for QMT experiments
In this section, we provide explicit matrix forms of all to-be-implemented POVMs and the ones reconstructed via method described above. The reconstructed matrix elements are given with numerical precision of 3 digits.
Tetrahedral POVM [67] Tetrahedral measurement M tetra consist of effects with Bloch vectors pointing to vertices of tetrahedron inscribed in the Bloch sphere,
